The procedure for performing the calculation
work on the basics of the FE-method
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| Full Name [NR [NZ |NA [NB |NH |NFI1|[NF2|NPl |NP2 |

1. Calculation scheme number NR

Numbers (1, 2, 3, 4) it is node sequence and node numbers. The center of the

coordinate system at node 1.

4 a 3 4 a 3
11 11
b b b b
I I
1 a 2 1 a 2
1 Y L 2
X

2. Fixation option NZ

NZ 1 2 3 4 5 6

1,2 1,3 1,4 2,3 2,4 3,4

3. Width a: 0,1-NA (m)

4. Height b: 0,1:-NB (m)

5. Thickness h: 0,002-NH (m)

6. The application point of the load vector NF1

7. Value of the load vector 5000-NF2 (N)

8. Action line of linear (dispersed) load (p,.) NP1

NP1 1 2 3 4 5 6

v, C 1,2 1,3 1,4 2,3 2,4 3,4

9. Value of the linear load NP2
Pve =40000-NP2 (N/m)

The value of linear load on each node is equal Py, = p,.-b/2.
Load values are rounded to the nearest whole (P=1049,95 =1050 N)
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Formation of global displacement vector and load vector

r 0 (N1 (Px1 + Ny1)
0 Nyl Nyl
O NXZ NxZ
0 N. Nyz
V0 (01 22 v
ys 0 Pys3
Axa 0 Py
\dys) o J \ 84 J
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Formation of stiffness matrices of each FE

Area of each finite element is equal S; =S, = a-b/2.

Material matrix [D]

1 u O
E 1 0
D] = U
LR ()
2
Node coordinates :
X1=0 y1=0
X, =a Yy, =0
X3=a Yy3=»b
X4=O y4,=b

Geometric matrix of FE [B] or [B;]

1 (Yi=ve 0 yve—yvi 0 yi—y 0
=73 0 Xk — Xj 0 Xi — Xg 0 Xj — X |,
Xp —=Xj YVi— Yk Xi— Xk Yk —Yi Xj—Xi Yi—Y)Yj
i, j, k—nodes of FE.

[B]

The numbering of nodes should increase counterclockwise from minimum to
maximum. For example, FE Nel: 1(i)-2(j)-4(k), FE Ne2: 2(i)-3(j)-4(k).

FE Ne i j k
I 1 2 4
11 2 3 4




1 V2 = Ya 0 Yo — W1 0 Yi—)Y2 0
[Bl] —_ E 0 X4 - xz 0 x1 - X4 0 xz - x1
Xg =X YVo—=YVa X1 —=Xg Ya—)Y1 X2—X1 Y1—2

1 V3 —Ya 0 YVa — Y2 0 Y2 — Y3 0
[Bz] = E X4 - X3 0 xz - X4 0 X3 - xz
X4 —X3 Y3 —=Ya Xp—=Xg4 Ya—Y2 X3~ X2 Y2—Y3

The factor 1/(2S;) is moved into the matrix by multiplying all the
coefficients of the matrix by it.

Transposed matrix [B].

Y2 = Va 0 Xq — X2

0 X4 —X2 V2= s

— 0 X1 — X

BT1= LY+~ N 17 Xg
[B1] 25, 0 X1 —=X4 Ya—1
Yi—Y2 0 X2 — X1

0 Xo—=X1 Y1— 2

Stiffness matrix:
[K1] = 51h[B1T] [D][B4]
Matrices must be multiplied exactly in the order in which they are written!

The resulting stiffness matrix of the FE Nel :

kin kiz kis kiy kis k%s\
ka1 k2 ki ks kis ki
k31 k3 ki ks k35 ki
kin kiz ki ki, kis kig |
ksi ks; kss ks kss kse
ke1 koo kes kés Kes k%6/




Formation of major stiffness matrix and resolving system of equations

kll k12 k13
k21 k22 k23
k31 k32 k33
k4-1 k4-2 k4-3
0 0 ke
0 0 e
k71 k72 k73
k81 k82 k83
i-i | i | ik

Joi | ik

ki | kj | kk

0  ki7 kg r 0 (Pr1 + Nyp)
0 kyy kzs\ 0 Ny,
ks k37 ksg 0 Ny
ks ka7 kg ) 0 iy Ny, \
kse Ks7 Ksg Qa3 0
ke ko7 kes ys Pys3
ke Ko7 k78) kCIx4 Py
kge kg7 kgg Oya) .0
FE Ne i I k
I 1 2 4
II 2 3 4

Then for the matrices [K;] u [K}] the tables will be written in the form

1

The table for major stiffness matrix

1-1(1-2|1-4 2-212-3 |24
2-1(2-2 |24 3-213-3|3-4
4-114-2 | 4-4 4-2 14-3 |1 4-4
1 2 4 2 3 4
[K]
1 2 3 4
1/1]0]1]1
1 x|2|x|2
01212213
1| x|2|x|4

(o)




Determination of unknown displacements and reactions in nodes

Multiplying the matrix [K] by the vector {g} according to the rules (the rows of
the first matrix are multiplied by the columns of the second matrix), we get

kss *Qxs + Kse " Qys + Ks7 " qxs + ksg " qys =0
kes * Qxs + Koo " dys + Ko7 " Qxa + keg * @ya = Py3
ks Qxs + K76 " Qys + K77 " Qxa + k78 - qys = Pxy
kgs * Qxs + Kge " Qys + Kg7 " Qxa + kgg " qys = 0

A system of four equations with four unknowns ¢ can be solved by Cramer's

method.

Then, from the first four equations, we determine the unknown reactions
Nx]; Ny]: N)CZJ NyZ'



Example of calculation

a=0,1m;b=02m; h=0,003m; E=2-10" Pa; u=0,33;

P,;=10000 N (node 3); p=80000 N/m (line 1-4); nodes 1 and 2 are fixed.
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Fig. 1 - Calculation scheme

The global displacement vector and load vector:

(0
0
0
0
) Ax3
qy3
Qx4

qu4j

8000 + N,

Ny

A&Z

Ny,

0

10000
8000

\ 0 J

Areas of the FE: S; =S,=0,01 m>.




Materal matrix [D]: 1 033 0

2-1011
D] = 033 1 0
1—-0,332 1-0,33
’ 0 0 —
2,244 -1011 7,407 - 101° 0
=|7,407-101° 2244-10 0
0 0 7,519 - 1010

Node coordinates : x,=0 y,=0

Xy = 0,1 YV, = 0
X3 = 0,1 V3 = 0,2
Xgq = 0 V4 = 0,2

Numbering of nodes FE .
FENo i Jj k
I 1 2 4
11 2 3 4

Geometric matrices [B;] u [B:]
—-10 0 10 0 0 O
[B{] = < 0 -5 0 0 O 5)
-5 —-10 0 10 5 0
0 0O 10 0 -10 0
[B,] = < 0O -5 0 5 0 0 )
-5 0 5 10 0 -10
Transposed matrices B, and B,.

-10 O -5 0 0 -5
0 -5 =10 0 -5 0

T _ 10 0 0 | o1 _ 10 0 5

[Bl] - ’ [BZ] -
0 0 10 0 5 10
0 0 5 / —-10 O 5 /
0 5 0 0 0 -10
Stiffness matrices K; and K5:
[K1] = S;h[B]1[D][B;]

7,2972 108 2,2388-10% —6,7333-10% —1,1278-10% —5,6391-107
/22388 108 3,9390-108 —1,1110-10% —2,2556-10% —1,1278-108
| —6,7333-108 —1,1110-10% 6,7333-108 0 0
“ | —=1,1278-10% —2,2556- 108 0 2,2556-10%8  1,1278-108
\ 56391107 —1,1278-108 0 1,1278-10%  5,6391-107

1,1110-10® —-1,6833-10% 1,1110-108 0 0

(K] ,h[BJ1[D][B,]

5, 391 107 0 —5,6391-107 —1,1278- 108 0
/ 1,6833-10% —1,1110-10® -1,6833-10% 1,1110-108
- 6391 107 -1,1110-10® 7,2972-10%  2,2388-10% —6,7333- 108
| - 1278 108 —1,6833-10% 2,2388-10%  3,9390-10%® —1,1110- 108
\ 1,1110-10® —6,7333-10® —1,1110-10® 6,7333- 108
11278 108 0 -1,1278-10% —2,2556 - 108 0

-1,1110- 108

—1,6833 - 108

1,1110- 108
0

1, 6833 108

1, 1278 108

-1, 1278 108
-2, 2556 108

2, 2556 108

|
)

|
)



Major stiffness matrix [K]

7,2972-10%  2,2388-10% —6,7333-10% —1,1278- 108 0 0 -5,6391-107 —1,1110-108
2,2388- 108 3,9390-10% -—1,1110-10®% —2,2556-108 0 0 —1,1278-10®% -1,6833-108
—6,7333-10% —1,1110-10% 7,2972-108 0 -5,6391-107 —1,1278-108 0 2,2388- 108
—1,1278-10% —2,2556- 108 0 3,9390- 108 —1,1110-10®% -1,6833-10% 2,2388-10°% 0

0 0 -5,6391-107 —1,1110-10% 7,2972-10%  2,2388-10® —6,7333-10% —1,1110- 108

0 0 —-1,1278-10®% —1,6833-10% 2,2388-108 3,9390-10% —1,1110-10®% -2,2556-108
-5,6391-107 —1,1278- 108 0 2,2388-10% —6,7333-10% —1,1110-10% 7,2972-108 0
—1,1110-10® —1,6833-10% 2,2388-108 0 —1,1278-10% —2,2556-108 0 3,9390- 108

Since the displacements of nodes 1 and 2 are equal to zero, then

7,2972-108 2,2388-10®% —6,733-10% —1,1110-108 Ax3 0
2,2388-108 3,9390-10% —1,1110-10% —2,2556-10% | )dy3( _ ) 10000
—6,7333-10% —1,1110-10% 7,2972-108 0 dxa( ) 8000
—1,1278-10® —2,2556-108 0 3,9390- 108 qya 0

Having compiled a system of linear equations and using Cramer's method, we find the
roots:

<QX3 =7,622-10"5M qy3 =2,78-107° M>
Qxa = 8,553-10"°M q,3 =3,775-107° M

Substituting the found values of the displacements of nodes 3 and 4 into the
resolving system of equations, we calculate the reactions in nodes 1 and 2 :

Ny, = —17017H N,; = —16000 H
(Nxz = 10166 H N, = 6000 H )



An example of solving a system of equations by Cramer's method
by MathCAD

3anuwem BblAeneHHble U3 obwmx MmaTpuy chparMeHTbl MaTpUuLubl CUN U MaTpULlbl
)ecTKocTeMn:

10000
8000

72972100

2.2388108

2

—1.1278108

2.2388108 —6.7333108 —1.111()108

3.939()108 —l.lll()lO8 —2.2556108

—2.2556108

—6.7333108 —l.lll()lO8 7.2972108

0 3.939()108

[Onsa coctaBneHus onpeaenutens He06xoAMMO BbIAENUTL U3 NONTYYEeHHOMN
matpuubl K otaenbHble cTONOUbI B BUAE NepeMeHHbIX, rae BepXHUM UHOEKC
o0603Ha4yaeT Homep cTonbua, HWKHUIN - HOMep CTpokKu. NMpruyem nepBasa cTpoka u
nepBbIN cTONGEL UMEoT MHAEKCHI "HOoMNb":

=

CocTtaBuM

Al

A3

7.2972x 108
8

2.2388x 10
8

—6.7333x 10

—1.1278x 108

I, 12, 13,
n,onB,
I, 12, 13,
I, 12, 33
12, 13,
2,13
2, 13,
12, 13,
I, 12, Qp,
I, 12, Qp,
I, 12, Qp,

I, 12, Qp,

J40

J41

J2 =K

=4.51484x 1033

=3.39628x 1029

=3.82147x 1029

(D

J3:=K

Jl0

Jl1
A2 =

le

Jl3

Jl0

Jl1
A =

le

Jl3

o)

Qp, 13, 4,
Qp, 13, 14,
Qp, 13, J4,
Qp, 13, J4,
12, 13, Qp,
2,13, Qp,
2, 13, Qp,

12, 33, Qp,

Onpegenum nepemeLleHns B y3nax B HanpaBfieHUn ocen X n 'y, M:

Al _
qx3:= T =7.52248x 10

A3 _
qx4 = T = 8.46424x 10

5

5

A2 —
qy3 = T =2.803x 10

A4 —
qy4 = T =3.7589x 10

J4 =K

(3)

U peLuMM MaTpuuy-onpeaenutens, cornacHo metoay Kpamepa:

=1.26551x lO29

= 1.69708x 1029

5

5





